A detailed comparison of quasiclassical trajectory (QCT) and quantum mechanical (QM) reaction probabilities and differential cross sections for the H + D 2 -+ HD + D reaction at the collision energies of 0.54 and 1.29 e V has been carried out using the same potential energy surface. The theoretical simulation of the recently published experimental results is also reported. The comparisons made here demonstrate the level of agreement between QCT and QM approaches, as well as between theory and experiment for this reaction.
I. INTRODUCTION
The amenability of the H3 reactive system and its isotopic variants has made it the most studied three body reaction among theoreticians. Quantum mechanical (QM) calcu!ations l -IO of this reaction have produced differential and integral cross sections at collision energies of experimental interest using several of the available potential energy surfaces and the quasiclassical trajectory (QCT) approach for this system has recently demonstrated its power and applicability in this area of research.
-
17 On the other side, the experimental studies have also been in a state of continuous improvement, and recent developments in the techniques have allowed the measurement of state resolved integral and differential reaction cross sections. 18 -24 The present work is concerned with the H + D2 isotopic variant of the H3 system. For this isotopic variant, the experimental progresses have led to the measurement of differential cross sections (DCS) by two groups. [21] [22] [23] Both groups have used the photolysis of HI molecules in order to generate H atoms at two different energies, associated with two spinorbit states of the iodine atom. The H atoms thus formed are intersected with a supersonic molecular beam of D 2 . The resulting average collision energies are E T =0.54 and 1.29 eV. The reactively scattered D atoms are then ionized and detected. It is the detection scheme what makes the decisive difference between the two experiments. In the measurements performed by Schnieder et al., 2I, 22 the D atoms are excited to a metastable Rydberg state by resonant two photon absorption and then field ionized in the detection region. In this way, time-of-flight distributions with a very high resolution can be obtained at each laboratory angle. In the first version of this experiment the measurement of the vibrational state distribution of the HD product was reported. 21 Subsequent improvements have led to the resolution of the rotational distribution within each vibrational state. 22 In the experiment carried out by Kitsopoulos et aI. , 23 the D atoms were ionized in the region of intersection of the two molecular beams, and the resulting ions were then accelerated and projected onto a position sensitive detector. A numerical procedure (inverse Abel transformation) was then used in order to recover the information about the three dimensional D atom velocity distribution from its two dimensional projection. A global picture of the dynamics was obtained in a nearly straightforward manner, but the energy resolution of this experiment was moderate and did not allow an identification of individual vibrational states in the scattering.
Converged quantum mechanical state to state integral cross sections for the H+D 2 (v =0, j=O)-+HD+D reaction, obtained using the log derivative Kohn variational principle on the LSTH potential energy surface (PES),25-27 have been reported recently9 for the experimentally available collision energies. In addition, an exhaustive quantum mechanical study employing the outgoing wave variational principle (OWVP) for this reaction on the LSTH and on the BKMP 28 PES yielded rotationally state resolved integral and differential cross sections at several collision energies around 0.54 eV.IO This study includes transitions from initial v =0, j=O, 1, 2 D2 states and allows a close simulation of the experimental conditions.
QCT calculations of differential and integral cross sections for this reaction at the experimental collision energies and for D 2 (v = 0, j = 0, 1, 2) have also been carried out on the LSTH PES. 16,29 The computational efficiency of the QCT method makes it an attractive approach. In addition, for some of the reactions for which exact QM calculations are available, the QCT method I5 ,30,31 appears to provide a remarkably accurate alternative to the more computationally expensive QM approach. It is therefore of particular importance to examine the nature of the QCT predictions in relation to those provided by exact QM calculations and to experiment whenever possible.
The present study was initiated with this aim in mind and provides a detailed comparison of QCT and QM predictions for vibrational state resolved reaction probabilities and differential cross sections at the two collision energies of experimental interest. The comparison with experiment is kept in the present paper at the level of final vibrational states resolution, which is adequate for the published results of Refs. 21 and 23. Fully v I, j' resolved QCT and QM data are indeed used for the simulation of experimental results; nevertheless, the convolution of these primary theoretical data with the energy resolution of the published measurements results in a smearing of the simulated DCS in which no final rotational states can be identified. The degree of discrepancy between QM and QCT rotationally resolved DCS for the H3 system has been commented on elsewhere.
1O
,15,32 Here, QM and QCT calculations resolving the final rotational states of HD are touched upon briefly, and a detailed comparison with the newest experiments of Schnieder et al., 22 which have allowed the resolution of final rovibrational states, is in preparation and will be presented in a forthcoming paper.
Preliminary comparisons between theory (QM and QCT) and the ion imaging experiment mentioned above have shown substantial agreement.
,29,33 Nevertheless, interesting discrepancies, both in the angular and in the velocity distribution of scattered products, do seem to linger and do provide some tantalizing questions for further research.
Throughout this study, the QM calculations are limited to the j = 0 state of the D2 molecule. The QCT results presented are also for j = 0 when compared with QM, but include the experimental rotational state distribution of D2 for the comparison with the experimental data. The organization of the rest of the paper is as follows. Section II summarizes the theoretical aspects of the QCT and QM methodologies followed here. In Sec. III we comment on the details of the results and discuss the various comparisons done. We finally close in Sec. IV with some conclusions.
II. METHODS
A comprehensive discussion of the QCT and QM approaches is beyond the scope of the present paper. In what follows we only discuss the issues of relevance to the present study. The interested reader is referred to the literature for further details of the two methods. 9 ,15,3o,34 All the QM and QCT calculations were carried out on the LSTH potential energy surface. 25 -27 To improve the statistics of previous results published in Ref. 16 , extensive QCT calculations have been carried out for the H +D 2 (v = 0, j=O, 1, 2) reaction at the collision (total) energies of 0.54 eV (0.73 eV) and 1.29 eV (1.48 eV). Batches of 10 5 trajectories at 0.54 eV and 1.8X 10 5 at 1.29 eV were run for D 2 (j=0), and about 5XI0 4 and 7.5XI0 4 trajectories at 0.54 and 1.29 eV, respectively, for DzU = 1,2). In the present work the stratified sampling method was used to sample the impact parameter, whose maximum value, bm",,, was chosen to be 0.90 A at 0.54 eV and 1.3 A at 1.29 e V, ensuring that no reaction occurs beyond this value. The integration step size was chosen to be 5X 10-17 S. This guarantees an acceptable conservation of both total energy and angular momentum. For the assignment of product quantum numbers, the classical HD molecule rotational angular momentum is equated to [j I (j I + 1 )] 1/2fi. With the (real) j I value so obtained, the vibrational quantum number v I is found by equating the internal energy of the outgoing molecule to a rovibrational Dunham expansion containing 16 terms 35 -37 [fifth power in v + t and third power in j(j + 1)].
The values of v I and j I found in this way are then rounded to the nearest integer.
The vibrationally (and rotationally) state resolved differential cross sections, d 2 a/dw, were calculated by the method of moments expansion in Legendre polynomials (see Refs .. 15, 34, and 38) . The Smirnov-Kolmogorov test comparing the cumulative probability distributions was used to decide when to truncate the series. Significance levels higher than 95% could be achieved using 15-18 Legendre moments, ensuring a very good convergence such that the inclusion of more terms does not produce any significant change. Special care was paid to the analysis of particular structures in the differential cross sections, such as the forward peaks (at 1.29 eV of collision energy) and the oscillations, which remain unaffected when the number of Legendre moments are changed in :': 2. The error bars, calculated as in Ref. 15, correspond to plus/minus one standard deviation.
A similar method is used to obtain the reaction probability as a function of the total angular momentum quantum number, J. The assumed correspondence for rotationless D2 between J and the impact parameter, b,
2 , where j.t is the reagents reduced mass and E T the collision energy. In order to obtain the H + D 2 (v = 0, j = 0) reaction probability as a function of the total energy at fixed total angular momentum quantum number J = 0, a batch of 4.4 X 10 4 trajectories was run by randomly sampling in a uniform way the collision (total) energy between 0.25 eV (0.442 eV) and 1. 
where the sum extends to all the final v' ,j' states which are energetically accessible. The experimental uncertainty in w is modeled with a Gaussian distribution centered in every case at W k , the recoil velocity associated with the internal state k, and with a width /l Wk' The N k are the normalization constants of the Gaussian profiles. The FWHM, given by 2(ln 2) 112 /lWk/Wb was 15% in all the cases, which corresponds to 30% of uncertainty in the CM energy of the D atom product. 39 The QCT maps were then obtained by weighting on the initial rotational quantum number j (0.50:0.25:0.25 for j==O, 1,2, respectively), in order to compare with the experiment of Kitsopoulos et at. 23 The QM calculations were carried out via the log derivative Kohn variational principle as formulated by Manolopoulos et al. 40 along with a basis set contraction procedure that markedly improves the efficiency with which the calculations can be performed. 41 The method has been successfully applied to several systems and in particular was used to calculate integral cross sections for the H + D2 reaction at the experimentally accessible energies of 0.54 and 1.29 eV. 9 In that work, the convergence of the present QM results at total 1 = 0 and total energy of 1.5 e V was studied and the convergence level was monitored as a function of internal and translational basis set size and quadrature parameters. The tests provided a set of parameters for which individual transition probabilities to HD v' = 2, summed over j' , were converged to better than 3%, this being the worst case. The v ' = 0 and v' = I summed over j' probabilities were converged to an even higher degree. The exact parameters have been tabulated in detail in Ref. 9 and the interested reader is referred to that work for the actual values used. For these parameters, the individual v', j' S matrix elements themselves were converged to within 3% to 4% in all cases for magnitudes (actual value of the real or the imaginary part) of the order of 10-1 , 5%-6% for magnitudes on the order of 10-2 , getting steadily worse as the values decreased. As a result of that, the values of the S matrix for v ' = 0 and small j' are the most accurate, while those for v ' = 2 and large j'
are among the least reliable. The convergence of the integral and differential cross sections were also monitored as a function of total 1. At the lower energy of 0.54 e V, the integral cross section required the lowest 18 partial waves for a convergence level of better than 0.1 % for all open channels [from initial D 2 (v = 0, j = 0)]. The DCS, on the other hand, required the inclusion of the lower 24 partial waves to give values stable to better than 0.5%. This level of convergence was reached even for magnitudes in the range of 10-6 to 10-8 . At the higher collision energy of 1.29 e V, the integral cross sections required the inclusion of the lowest 28 partial waves for a convergence level of better than 0.1 % in all cases. The DCS, on the other hand, required the total 1 sum to run from 0 to 32 in order to yield values stable to within 2% for all angles and all transitions. At both energies, the forward direction angles converged more slowly with respect to total 1. The transitions to v' = 0, j' also converged more slowly than the v' = 1, 2, j' ones. As a self-consistency check, we numerically integrated the differential cross sections generated and compared them with the integral cross sections obtained by the exact expressions. Machine precision was obtained in all cases with sufficient integration points in the angular coordinate (40 or so were sufficient using a Gauss-Lobatto rule). The working expression used to generate the differential cross sections from the S matrix elements is given, as in previous works,5,42 by
The d~, k in the equations above are the reduced rotation matrices and the k, k' symbols denote the body fixed angular momentum projection quantum numbers.
The full QM v' , i' state resolved DCSs were fitted to a Legendre series and the angle-velocity contour polar maps, restricted to the H + D 2 (v = 0, i = 0) reaction were then obtained using the same method as for the QCT ones [Eq. (1)].
In addition to the aforementioned QM results, we also carried out a series of calculations of rovibrationally resolved transition probabilities in a total energy range of 0.5-1.6 e V and total 1 == O. Convergence tests were carried out at the total energy of 1.6 e V. In this series of calculations, the (v' = 0,1,2) resolved transition probabilities were converged to better than 0.1 % in all three v' cases at the total energy of 1.6 e V. The analogous results at energies below 1.6 eV were converged to an even greater degree. The important point here is that some of the QM results (When summed over v' and over v' , j') showed weak oscillatory structure as a function of total energy in this range. Convergence of the individual v', summed over j', probabilities to the degree mentioned, lead us to conclude that the observed structure was indeed a feature rather than an artifact of convergence.
The simulation of the LAB kinetic energy spectra of scattered D atoms is carried out by transforming the CM DeS into the LAB system using the appropriate Jacobian factors. A detailed description of the whole inversion procedure between CM and LAB systems considering all the experimental details will be given in a forthcoming paper.43
The experimental broadening, which includes both the reagents energy spread and the energy resolution of the detection, is taken into account with a Gaussian distribution centered at the nominal LAB kinetic energies E k , corresponding to the kth (v' ,j ') internal state of the HD partner. Detailed
Monte Carlo simulations of the experimental resolution validate this assumption and also show that the width of the LAB energy distribution stays approximately constant throughout the whole energy spectrum and is only dependent on the LAB scattering angle. The QCT simulations were done by weighting on the initial rotational quantum number j (0.38:0.31 :0.31 for j = 0, I, 2, respectively, corresponding to a rotational temperature of 145 K) in order to compare with the experiments of Schnieder et al. 21 The QM simulations were restricted to the H+0 2 (v =0, j=O} reaction.
III. RESULTS AND DISCUSSION
As a starting point for the present QCT-QM comparison we examined the calculated reaction probabilities for total angular momentum J = 0 as a function of the total energy. The QCT and QM predictions for the energy dependence of the total reactivity for J = 0 from initial v = 0, j = 0 reactants are shown in Fig. I . In addition, the same results, resolved into the final vibrational states, but summed over the final j' quantum number. are shown in Fig. 2_ The agreement between QCT and QM is very good for the reaction probabilities unresolved into the final vibrational states, where the QM P(E)~o~ shows only a weak structure. Resolving into final vibration leads to some differences between the two methods. In particular, for v' = 0 the QM reaction probability shows a neat oscillating structure (present when the results are converged better than 0.1 %), most probably attributable to resonances, which are absent in the classical case. The QM P(E)~:~o reaction probability is somewhat larger than the corresponding classical one for values of the total energy higher than about 0.8 eY. It is also noteworthy that the classical threshold for the production of HO( v ' = I) is lower than the one from QM calculations and the reaction probabilities, P(E){:~o, consistently larger in the QCT case. All these effects were also found for the O+H 2 (v=0, j=O}-tHO(v')+H isotopic variant of the reaction;15 however, the QM resonance structure for this last reaction is more marked than for H + D 2 • The relatively low classical threshold for v' = 1 has its origin in the "boxing" procedure used to assign the products' vibrational states as discussed in Ref. 15 .
The degree of agreement between the classical and quantum calculations seems to decrease when the P(E)J=o is resolved into the final rotational states. Figure 3 shows the behavior of the reaction probability for J = 0 as a function of both total energy and final quantum number j'. The major discrepancies are found for low j' values, where the peaked (resonancelike) structure of the QM reaction probabilities is very evident. For higher j' values, the agreement becomes better. It is remarkable that in both calculations a maximum appears in P(E), whose position shifts towards higher energies, becoming broader as j' increases. A similar behavior has also been observed both in QM and QCT calculations for other isotopic variants of this reaction.
• IS
Restricting our analysis to the experimentally accessible collision energies of 0.54 and 1.29 e V, we have compared QCT-QM predictions for the opacity function P(J), i.e., the reaction probability as a function of the total angular momentum quantum number, for initial v = 0, j = 0 to final v' HD states (summing over j'). The QCT opacity function at the lower energy is plotted in Fig. 4 . The analogous QM results are overlayed on the classical P (J) , and are plotted at the discrete total J values for which they are available. The corresponding results for the higher energy are shown in Fig.  5 . For the lower collision energy, the range of J is 0 to 16 for the QM calculations, while for the higher energy ] ranges from 0 to 32. The agreement between the opacity functions from both methods is very good in general. At E T =0.54 eV (Fig. 4) , the QCT Pc]) is smaller than the QM one for values of ] ,,;;;; 7. In fact, the difference of about 10% between the quantal 9 and classica116 integral cross sections is caused by the distinct contributions from low] values. This fact is also reflected (see below) in the different magnitude of HD backscattering. At the higher collision energy, there is also a good overall concordance between the v' resolved P(1) from QCT and QM calculations. For v'::::O, QM reaction probabilities are slightly larger than QCT ones at low ] values (1";;;; 1 0), whereas are somewhat smaller for the highest J values. It is interesting to show that, in both instances, the maximum J value leading to reaction is practically the same in both methods. Calculations of rovibrationally resolved partial cross sections at limited values of the total angular momentum quantum number (1::::0-2) and fixed total energy E= 1.49 eV (for different v, j D2 states and collision energies) on the double-many-body expansion (DMBE) PES,44 yielded also a good agreement between QCT and QM treatments. 6 From the data of Fig. 5 , the vibrationally resolved partial reaction cross sections can be readily calculated. The results are shown in Table I We comment now on the differential cross sections for the reaction under study. As it is customary, we take the origin of the center of mass (CM) scattering angles (8=0°) as the one defined by the direction of the incoming H atom. In some of the previous works, the reported DCSs refer to the scattering of HD molecules,lO,16 whereas in other works 23 ,29,33 the scattering of D atoms, which is the magnitude measured in the mentioned experiments,21-23 is pre- ferred. Of course, conservation of linear momentum implies that the CM DCS for the HD molecule is the same that the one for the D atom after replacing () by 1T"-(). In the following, we use the angular distributions of HD for the comparison between theoretical results (QM vs QCT) and the scattering of D atoms for the simulation of the experiments. A comparison of the total (i.e., unresolved into the final internal states) differential cross sections for reactive scattering obtained from QM and QCT calculations and from experiment has been reported elsewhere. IO , 29, 33 A quite good agreement between the quantal and quasiclassical DCSs was found in the calculations at the experimental collision energies. Both theoretical methods yielded predominantly forward scattering for the D atoms (corresponding to backward scattering for the HD molecules) at the two collision energies of the experiment. For the lowest of these energies, E T =0.54 eV, virtually no HD scattering is found for CM angles lower than 45°. The QM HD backward peak is somewhat higher than the QCT one, as expected from the opacity function at low J values (Fig. 4) . For E T = 1.29 eV, both theoretical distributions become broader with a distinct HD forward tail. The HD peak at 0° is more prominent in the QM case. A comparison between the experimental DCS (obtained by integrating the measured contour maps over velocities?3 and theory has shown a global agreement, but with noteworthy discrepancies. It should be noted here, as pointed out in Ref. 10 , that the QCT differential cross section at E T =0.54 eV represented in Fig. 5A of Ref. 23 has been shifted upwards by a small amount and gives the impression of having a backward tail (corresponding to D atom scattering) which is not present in the calculations. The same comment applies to the DCS plotted in Fig. lA of Ref. 33 . In this last case, all the DCSs (QM, QCT, and experimental) have been shifted upwards for clarity of display, but neither the QM nor the QCT calculations yield any significant D atom scattering for angles beyond 90°. On the other hand, at ET=0.54 eV, it seems that the measured D atom backward tail could be within the noise level of the experiment. 10 The major discrepancies between experiment and theory were found at E T = 1.29 eV, where the experimental angular distribution is significantly narrower.
In the present work, we examine how the QM and QCT differential cross sections compare when the final states are vibrationally resolved. As can be seen in Fig. 6 , the HD DCSs for the lowest collision energy show a quite good agreement for angles lower than 140°. However, the amount of backward scattering is larger in the QM calculation. The This is just what is revealed in the analysis of the QM DCS for v ' = 0 shown in the lower panel of Fig. 8 . It can be seen from this figure that there is an overall similitude between the QM and QCT results. However, in contrast with the QCT results, the QM forward peak is due not only to the high range of J values, but includes contributions from partial waves with smaller J, as evidenced by the forward tail for J";;; 18, not present in the classical case. These last partial waves must interfere destructively with other waves having J values in the high range in order to produce the final forward peak, which is lower than the one corresponding exclusively to J;;;.19 . Going back to the ion imaging experiment of Kitsopoulos et al., 23 which allowed the extraction of a polar (anglevelocity) map in a very direct way, and taking into account the mentioned discrepancies between these measurements and the calculations, it seems worthwhile to perform here a more detailed comparison. With this aim we have constructed the QM and QCT contour plots shown in Figs. 9 and 10, which are comparable to the experimental results. As described in the method section, both QCT and QM contour plots have been built by using as primary data the discrete v ' , j' differential cross sections, and the experimental uncertainty in the velocity of the D fragment is modelled with Gaussian profiles centered at the recoil velocities corresponding to the different internal states. 13 This procedure is not exactly the same as the one used for the construction of the classical polar maps shown in Ref. 29 , in which the continuous triple angle-velocity differential cross section (Le., without any pseudoquantization) was used. Both procedures yield very similar contour plots when the energy resolution is not too high. The advantage of the one used in the present work is that QM and QCT calculations are directly comparable. The experimental uncertainty in the energy of the D fragment is about 30% (FWHM),39 and this is the value used in the present contour plots.
The QCT and QM polar maps for the reactive scattering of D atoms obtained at the experimental collision energies are displayed in Figs. 9 and 10 . Whereas the QM maps have been calculated for j = 0, the QCT ones include an average over the initial rotational states distribution of the deuterium molecules. The corresponding QCT maps for j = 0 (not shown) are very similar to the ones averaged in j.
The Fig. 4 of Ref.
23, but should rather pass through the center of the full red circles labeling the internal states of HD.39 The experimental velocity distributions are sensibly broader and, especially at the lowest angles, peak at smaller velocities than the calculated ones. Nevertheless, the experimental results for angles close to the relative velocity axis should be taken with care, since they might be affected by errors associated with the inverse Abel transformation used to construct the contour plots from the measured images. 23 ,39 If one excludes from the comparison experimental signals from CM angles lower than 20° or higher than 160°, the discrepancy between the velocity peak positions is lessened. Most interesting is the fact that the theoretical contour maps for Er= 1.29 eV predict the appearance of a weak structure in the velocity distribution best seen in the three dimensional representation. This structure, somewhat more marked in the QM case, corresponds to the onset of resolution into the final vibrational states (v' = 0, 1 ,2) of the HD molecule and is more neat in the D atom backward direction where the peaks for all the three v ' states are clearly separated. There might be also some hints of such a structure in the experimental velocity distribution integrated in angles corresponding to this energy,39 but given the difference between the widths of the theoretically simulated velocity distribution and the experimental one is difficult to draw any conclusion.
In a preliminary comparison,33 the effects of the geometric phase, which have not been taken into account in the present calculations, were invoked as a possible origin for the discrepancies found between theory and experiment. Although this possibility cannot be ruled out until the proper calculations are performed, it does not seem very likely since these effects are expected to be relevant at these energies only for rotationally resolved DCSS. 46 ,47 Therefore, the resolution of the mentioned experiment is not sufficient to decide on that point. Figures 11 and 12 show the theoretical simulations of the D atom kinetic energy spectra obtained by Schnieder et al. 21 at the two energies considered and for three LAB scattering angles in each case. The simulated spectra were calculated by using the fully resolved v' , j' CM differential cross sections as mentioned in the method section. As can be seen, there is a good coincidence between the experimental and the QM and QCT simulations, which under the present resolution give practically undistinguishable results. The small discrepancies found between the QM and QCT simulations at the lower LAB scattering angles (8=0°, 10°) for E r =0.54 eV (see Fig. 11 ) are due to the fact that QCT results are weighted by taking into account the experimental rotational states distribution of the D2 molecule whereas the QM calculations are restricted to D 2 (v=0, j==O). The QCT results for D 2 (v = 0, j = 0) are in better agreement with the corresponding QM ones. In any case, the small differences between QM and QCT just commented on are within the experimental uncertainty. At E r= 1 .29 e V, the resolution of the experiment allows the identification of individual vibrational states of the HD molecule at the two lowest LAB scattering angles. It should be noted that given the experimental arrangement,21 the 8=0 0 corresponds roughly to zero degrees in the CM system. The good separation of the individual vibrational peaks shows that at low angles there is relatively little rotational excitation as predicted by theoretical calculations.
IV. CONCLUSIONS
Good general agreement with small differences is demonstrated in the present work between QM and QCT total and vibrationally resolved reaction probabilities and differential cross sections for the H+Dz(v=O, j=O) reaction at the two collision energies investigated in recent experiments. However, the resolution into the final rotational states gives rise to some appreciable differences between the two theoretical approaches, as also shown in Ref. 10 .
At the collision energy of 1.29 e V, both QM and QCT calculations predict a forward peak in the vibrationally resolved differential cross section. It is shown in this work that whereas in the QCT case this peak is exclusively caused by the highest total angular momenta (high impact parameters), in the QM case there are interference effects that also involve contributions from lower J values.
Very similar QM and QCT results are obtained when published experimental results are simulated. The global agreement between theory and the ion imaging experiment of Kitsopoulos et al. 23 is reasonable, but noticeable discrepancies are also found. The concordance is better with the vibrationally resolved kinetic energy spectra of Schnieder et al., 21 which have a higher energetic resolution, but are limited to a certain number of laboratory angles.
